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We consider the problem of the impact of an absolutely rigid disk onto the surface
of an ideal liquid of shallow depth, The solution is obtained by reducing the dual
integral equations, which arise in the problem, to an infinite system of linear al-
gebraic equations, Expressions are obtained for determining the impact pressures,
the apparent additional mass, and the apparent additional moment of inertia, We
derive a condition for a nonseparable impact, This problem was investigated in
[2] for the case of a liquid of great depth,

1, Statement of the problem, Wetake the originof Cartesian (z, y, z) and
cylindrical(r, 8, z) coordinate systems on the free surface of the liquid at the center of the
disk with the z-axisdirected normal to the free surface and pointing downwards into the liquid,

In the case of a centered impact the potential of the velocities acquired by the liquid
particles is given by

_ ¢ cha(h —2)
¢ (r, z)ﬁgf(a)——ThTJO(ar)ada (1,1)
0
Here % is the liquid depth, J,(ar) is the Bessel function of the first kind of order zero,
and f (o) is obtained from the following dual integral equation:

o

\ @) %K @ (@r)ada = —U, r<a (1.2)

f(a)Jo(ar)ada:(), r>a (K ((l): Lhdh)

S0 <

where U/ is the disk velocity and @ is the disk radius, To obtain the velocity potential
in the cdse of off-center impact it is necessary to add the following function (see [2])
to the potential @ (r, z) :

d ac
V() =35 O (r,2) = 5=\ F@)Jo(er)
0
Here F () is a solution of a dual integral equation, which differs from Eq, (1.2) inthat
— U is replaced by 1/, @r? 4 ¢, where ® is the angular rate of rotation of the disk
and ¢ is an arbitrary constant, We assume that the Z-axis passes through the point where
the impact occurs,

cha(h —2)

1,3
chan — *do (1.3)

2, Solution of dual integral equations, We consider the more general
dual integral equation

(2.1)
SQ(a)K(a)Jn(ar)ada=J,,(er), r<a SQ(@)Jn(ar)ada=0, r>a
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Here J, () is the Bessel function of the first kind of order n, 6, and iy, isa coun-
table set of zeros and poles of the function K () lying in the upper halfplane, We as-
sume that there are no multiple zeros and poles and that 85 7= v, (r, m = 4, 2,...).
We assume also that §,, and ¥, increase monotonically in absolute value as r increases,
assuring thereby the convergence of the infinite product (2, 2); in addition, we assume
that on an arbitrary regular system of contours C, (C, (C C,4;) the following estimate
is valid for # — oo :

K(a)=0(|aP), p<O 23
Using the relation (2, 2) and

LJy(zo) = 0, (xa), Ly=—F—— —— 7% (2.4)
the dual equation (2, 1) can be reduced to the form [1]

AP, (Lr)q (r) = Pz(Lr) Jn(er)9 r<a, Q(r) =0,r>¢a (2, 5)

g (r)=\ Q(a)Jn(ar)ada (2.6)

Seeg

Here P, (L,) and P, (L,) are differential operators with respect to r of infinite order,

The solution of the ditterential equation from (2, 5) for ¢ (7) can be written in the form

[1] o

q(r) = K2 (&) Jn (e7) + D [CxJn (i847) + DN, (i8,7)], r<a  (2.7)
k=1

(N, (z) is the Bessel function of the second kind; Cj and D, are constants), Consi-

dering g (7) to be bounded for 7 — 0, weset Dy, = 0 (& = 1,2 ...). Taking into

account the inverse Hankel transformation and the second relation in (2, 5), we have

a o0 [
Qa)= K1 (s)S I (er)Jp (ar) rdr + 2 C’fS Jn (04 S (@r)rdr  (2.8)
0 k=1 0
We determine the constants €', by having the solution (2, 8) satisfy the dual equation
(2.1), We can represent the meromorphic function K (&), subject to the assumptions
we have made for it, in the form of a sum of principal values:

oo

K@= —2n_ b= iy, (K ()]} (2.9)

m=]1 a‘z + 7371
We now substitute the relations (2. 8) and (2, 9) into the first of the relations (2,1),
Taking into account the relations

I K :
U ) udi — | T K, 2 <y

W+, I i) K, @1,), y<=
Yuln 8,0) K| (1,,0 + 6kln_1 (Ska) K (1,9
8.2—1%

2 by (8,2 + 7%)_1 = K (i0,) =0, n=1, 2, ...

m=1

[n (6hy) K‘n (Tmy) ydy =a
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and equating to zero the coefficients of the linearly independent functions J, (iy,7),
we obtain an infinite algebraic system for determining the coefficients €', (4 =1, 2...)
of the expansion (2, 7)

2 Cr (842 — Tm)  [YinTn (840) Ky (Ym®) + 8 0y (840) K, (Ym@)] = (2,10)

k=1

K () (€2 Y T md o (60) Kny (Tm@) -+ 700y (20) Ky (Tm@)]

m=1,2 ...

(In(z) and K, (x) are,respectively, the Bessel function of an imaginary argument
and the MacDonald function),

In [3] the system (2,10) was investigated by reducing it to a system of the second kind
through an exact inversion of the principal singular part; this was justified by the merthod
of successive approximations for large §; and v (k,,m=1,2...) or for large a.

We restrict ourselves to the principal term in the asymptotic solution of the system
(2,10) for 84, Y — oo, (k, m = 1, 2 ...). For this purpose we introduce the new

unknowns
C}; = 2Xn Kn((‘iha)f)ka (2011)
and perform passage to thelimitfor 8, v,, — 00. We thus arrive at the infinite system
o0
Xy — K (&) Tm"ﬂ (ea) +eln (ga) Com—=1,2, ... (2.12)
=1 ah‘ - Tm g% -t T‘Izll
We write the solution of this system in the form [3]}
x i [J, (80) +1iJ,_; (ea)] i[J, (ea) —iJ,_; (ea)] (2.13)

BT OR, @) 0, F ) K, (—id) | ZK_(e) (8, —ir) K7 (—i8;)

K(a) = K (o) K_(a)

Here K, () and K_(a) are functions regular in the upper and lower halfplanes, re-
spectively, If the right side of the first relation of the dual equation (2,1) is r?* and
if n == ( in{(2,1), then the solution of this dual equation is the function

Q* (o) = lalrf)l Le*Q (o), (2.14)

where L ¥ denotes the % -fold real operator 7, with respect to the variable &,

We now transform the first relation in (1,2) by applying to it the operator [}, which
is the operator inverse to L,. Assuming ¢ to be bounded for r=0, we have (setting
a=1) o - \

‘f(a)K(ct,)JO(ar)ada:U<T—-—c,/, r<t (2.15)

-8 S,

f@) Jo(@ryado =0, r>1

Y

-

Similarly, in the case of the off-center impact the right side of the first relation has the

form
— o (Yol 1+ My ert 4 cy)
Here ¢, and ¢, are constants of integration,
Based on the relations (2, 8), (2.11),(2.13) and (2, 14), we can now construct the prin-
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cipal terms of the asymptotic solution of the transformed dual integral equations for
8u, Ym —> o0 (k,m = 1,2 ...), and,since for the problem in question

nk Fi 1
6}: = TR Tm ™= I ('n — E) (2,16)
we have, consequently, the result for h— 0.

8, Calculation of the {mpact pressure, the apparent additional
mass and moment of tnertia, For z = { we have

¢(r, 0) = 151_13 UM sLeq (r) — c1q (7)] (3.1)
O, 0)= — gigl ® [Y32l 2q (r) 4 Y/scLeq (r) 4 cag (r)]

Here ¢ (r) is the Hankel transform (2, 6) of the solution of Eq, (2,1) for n = 0, written
in the form (2, 7)., Omitting the cumbersome derivation, we write the following result:

q(r)femp = R 2 CiTy (347) (3.2)
k==
Leq(r)fe=o = ‘%L -3 “f‘ Z B’ Io(8r)
Ke=g
ri 16,28 64h
Leq (M) e = - — —— — = + 2 DIo(8y)
Here k=L

B = C°(dy + dy85" + 4877

Di° = Y50, (bo + bid' + bedi” -+ bydi” -+ 2487

€ =lim Cy = 2i [K, (0) K" (— i8,)] 'K, (&)
£—)

do=1+2a %Ind —2?/3h* + 2n"2h%In% 4
dl =214 hink
= 3/4 4 3/ya:h - B2 (6a,2 — 3a,) + B*(2a3 — 12a,a, + 12a,%) 4

h4 (— a3 + 8aya; + 6ay® — 36a,%a, + 24a;*)

by =3/, - 6ha, + h? (12a,® — Ba,) -+ h® (4as + 24a,® — 24a,0,)
= 6 -+ 12ha; -+ h*(24a® — 124,)

by = 12 4+ 24hay

ay = ntIn4, a, = m 2In?4 + 1y

ay=n"3In%4 4 "t Ind + 12n7%;

ay = 1 41In%4 -+ 2n72 In% 4 4 48n74ay 4 155

a; = 1.2020569

It is easily seen that the series (3, 2) diverge for r = 1. Therefore, imposing on @ and

¥ the condition of boundedness, we make it possible to determine the constants ¢, ¢,
and ¢. We find that
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hll’l/l h? . h2inz 4l do

1 4 i e e TR (3.3)
C = bl Oy — bld() bn
- 3dy LT A P

On the basis of the relations (1, 4),(3.1) — (3. 3) we obtain the final expressions for the
potential of the velocities (z = 0, r <{ 1) acquired by the liquid particles as the re-
sult of the impact

4 Inh I : il
0 Ola = ("t — g — T — 2 Sklo(akr) (3.4)
r { /
Y (r 0y = — wx( % ~6—;‘I,7——;—7- — 2 R, éhr)» (3.5)

g LEGd-20lnk) L 20 Ko (8y)
BT T RN CR—DNT

_@k—=1Y 4by | hby | b2 o
Rk - __(27‘)”_ (b2 T +—"t—/t 1 R Ko (6h)
Here we have used the fact that
Rl ik iha .
K@=} T3 -2 -2 K@= K (—u)
i o (k=D
K, (— idy) RVRE 2Kk —1)
The impact pressure p;, = — 0 (¢ -+ ). where p is the density of the liquid, Using

the relations (3,4) and (3, 5), we obtain expressions tor calculating the impact pressure
on the boundary of the liquid beneath the disk for small values of /.

The total impact momentum P and the total moment M of the impact pressures
acting on the disk are given by the relations

1
h 4
P = — 2np§r(p (r, 0)dr = pU (% + 1"74 + 12“; -~ o+ (3.6)

0

—%——ZkShm>
k=1
e 1 by
M=—p Sx\b(r, O)rdedr~npm<48h — S (3.7

<

T+ 3 R 00

The expressions (3,4) — (3, 7) are valid for small values of h.
In Table 1 we present the dimensionless values of the impact pressure at the center
of the disk and also the apparent additional mass and moment of inertia

p¥ == — U-1¢ (0, 0), P* =(pU)-* P, M* = — (pu))‘l M (3.8)

for various values of %, calculated, respectively, from the equations (3, 4), (3. 6) and (3,7).
For comparison we present in the columns 3, 5 and 7 of the table analogous results cal-

~.

culated on the basis of the results obtained in [2], which are valid for 2 >> 1.1 witha
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relative error to 6%,

Table 1

h p* P M*

i 2 3 4 5 6 7
1.5 1.408 1.365 0.2263 0.1780
1.1 0.4985 0.6750 1.448 1.420 0.2004 0.1780
1.0 0.5303 0.6890 1.465 1.461 0.1961 0.1774
0.9 0.5641 0.7133 1.488 1.541 0.1926 0.1756
0.8 0.6019 1.518 0.41902
0.7 0.7559 1.564 0.4892
0.6 0.7930 1.624 0.1898
0.5 0.8518 1.720 0.1933

4, Condition for a nonseparable impact, The coordinate of the point
of application of the momentum is given by

o =M/ P (4,1)

Separation of the disk from the liquid surface occurs if, at least in the neighborhood of
the point = 1, y = 0, the impact pressure becomes negative (we assume that @ >

Ce if
0, U > 0),i.e. i (04 9) >0 for 1m0 zoi, y=0 (4.2)

Taking relation (4,1) into account, we obtain from (4, 2) the condition for nonseparation
of the disk from the liquid surface at impact

|x0|<_1imﬁ_$:g for :=0, y=0, 0<a<1 (4.3)

—1
Using the behavior of the functions Ko(x), Iy (x), I, (x) and I,(x) for large va-

lues of the argument, we find asymptotic values of the expressions (3, 4) and (3. 5) in the

neighborhood of the point r = 1, and of the expressions (3, %) and (3, 7) for & — 0.

We have —_—
o Ole = U/ L5540 )] (4.4

e S W)
P =pU [—gh—ﬁ—O(i)]
M= _— pw[—g&——f—o(”J

From the condition (4, 3) on the basis of (4,4) we have p = g for h — 0. Finally,
the condition for a nonseparable impact for 2 — 0 becomes

|zo] << alb

In the case ~# = oo the condition for a nonseparable impact is given by |zo| < a / 5
(see [2]). Comsequently, we can write the condition for a nonseparable impact onto an
ideal liquid for arbitrary values of £ in the form

|zo| << a*(h), a/ 6 < a*(h) <Calbd 0<h < ~
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a*(h) >~ a /5 for h— oo, a*(h)— al6t for h—0

The author thanks V, M, Aleksandrov and V., A, Babeshko for their interest in this paper,
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Construction of the boundary layer by the method of variation is used for investi-
gating the principle of selecting the unique solution for a perfectly plastic me-
dium by transition to it from a viscoplastic medium with the viscosity coefficient
tending to zero,

Let an infinitely long cylinder move along its axis in a viscoplastic medium at con-
stant velocity, The velocity field of particles of a viscoplastic medium induced by the
cylinder motion in a system of coordinates x, y, z (with the cylinder axis along the Z -
coordinate and its cross section @ lying in xy-plane) is of the form u = (0, 0, u (2,
y)). It was shown in [1]that u {(z, y) minimizes functional

I (w) = S [%| Vw|*+ 1, | Vw ]}dw — Fwl4e, w4 = const
R w
where W and T, are, respectively, the viscosity coefficient and the yield point of the
medium and F is the longitudinal force moving the cylinder, The velocity of the cy-
linder can be determined when force F is specified, It is u (z, ¥) over dw. If the cy-
linder velocity is u,, then u (z, y) minimizes functional

L, (w) = S [%Ww[" +~role|}dw, W |ow == o 1
RN\ w
and the force necessary for producing such motion is determined by formula
ol = I, (u) -+ S L Vupdo
R:/w



